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7 Abstract A meso-scale unit-cell based continuum mate-
8 rial constitutive model has been developed for plain-woven
9 single-ply ballistic fabric materials. This model, due to its

10 computational efÞciency, is suitable for use in computa-
11 tional analyses of the ballistic-protection performance of
12 multi-layer body-armor vests. The model utilizes the con-
13 tinuum-level in-plane and out-of-plane deformation-state
14 of the material, an energy minimization procedure and a
15 simple account of yarn slip to update the structure/archi-
16 tecture of the fabric unit cell. Forces and moments
17 developed within the structural components of the unit cell
18 are then used to compute the continuum-level stress state at
19 the material points associated with the unit cell in question.
20 The model is implemented in a user-material subroutine
21 suitable for use within commercial Þnite-element pro-
22 grams. To validate the model, a series of transient non-
23 linear dynamic analyses of the impact of a square-shaped
24 fabric patch with a spherical projectile is carried out and
25 the computed results compared with their counterparts
26 obtained using a more traditional Þnite-element approach
27 within which yarns and yarn weaving are modeled
28 explicitly. The results obtained show that the material
29 model provides a reasonably good description for the fabric
30 deformation and fracture behavior under a variety of
31 boundary conditions applied to fabric edges and under
32 varying Þctional conditions present at the yarn/yarn and

33projectile/fabric interfaces. In addition, the overall ballistic
34energy absorption capacity of the fabric as well as its yarn-
35strain energy, yarn-kinetic energy, and frictional sliding
36contributions are predicted with reasonable accuracy by the
37proposed material model for fabric.
38
39

40Introduction

41In recent years, there have been signiÞcant research efforts
42focused on the integration of woven fabrics with advanced
43technologies (such as ßexible electronics, micro-ßuidics,
44micro-actuators, etc.) to obtain hybrid woven systems with
45novel and unique capabilities [1]. Development of these
46technologies as well as the use of woven fabrics in apparel,
47fabric reinforced composites, and body armor for ballistic
48protection requires a thorough understanding of the
49mechanical behavior of these fabrics. In the present work,
50the quasi-static, in-plane, yarn-slip and yarn-failure free,
51meso-scale unit-cell based material model for plain-woven
52single-ply fabric initially developed by King et al. [2], has
53been enhanced for use in high deformation rate ballistic
54applications where yarn slip and failure are prevalent.
55Over the last several years, military systems, in partic-
56ular those supporting the US ground forces, are being
57continuously transformed to become faster, more agile, and
58more mobile so that they can be quickly transported to
59operations located throughout the world. As part of this
60transformation, an increased emphasis is being placed on
61the development of improved lightweight body-armor and
62lightweight vehicle-armor systems, as well as on the
63development of new high-performance armor materials.
64High-performance Þber-based materials have already been
65successfully exploited for both body-armor (e.g., as soft,
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66 ßexible Þber mats for personal-armor vests) and for the
67 vehicle armor and structural systems (e.g., as reinforce-
68 ments in ßexible armor-grade and rigid structural-grade
69 polymer matrix composites, PMCs).
70 Flexible lightweight materials have been used histori-
71 cally in body-armor systems to provide protection against
72 speciÞed threats, at reduced weight and without compro-
73 mising personÕs mobility. Early materials used included
74 leather, silk, metal chain mail and metal plates. Replace-
75 ment of metal with a nylon (poly-amide) fabric and an
76 E-glass Þber/ethyl cellulose composite in body-armor
77 systems can be traced back to the Korean War [3].
78 Although, primarily due to their low cost, nylon and
79 E-glass Þbers are still being used today; high-performance
80 polymeric Þbers (typically used in the form of woven
81 fabrics) are now the standard in most Þber-reinforced body-
82 armor applications. To increase the ballistic performance
83 of the body-armor vests, with respect to 0.30 caliber or
84 small threats, ceramic insert strike-plates are commonly
85 used [4].
86 The high-performance polymeric Þbers used today are
87 characterized by substantially improved strength, stiffness
88 and energy-absorbing capacity. Among these high-perfor-
89 mance Þbers the most notable are: (a) poly-aramids
90 (e.g., Kevlar�, Twaron�, Technora�); (b) highly oriented
91 poly-ethylene (e.g., Spectra�, Dyneema�); (c) poly-benz-
92 obis-oxazole, PBO (e.g., Zylon�), and (d) poly-pyridobisimi-
93 dazole, PIPD (e.g., M5�). When tested in tension, all these
94 materials differ signiÞcantly from the nylon Þbers, having
95 very high absolute stiffness, extremely high density-
96 normalized strength, and quite low (\4%) strains-to-failure.
97 These Þbers essentially behave, in tension, as rate-indepen-
98 dent linear elastic materials. When tested in transverse
99 compression, however, these Þbers are similar to nylon and

100 can undergo large plastic deformation without a signiÞcant
101 loss in their tensile load-carrying capacity. This behavior is
102 quite different from that found in carbon or glass Þbers,
103 which tend to shatter under transverse compression loading
104 conditions. It should be also noted that an important func-
105 tional requirement for the high-performance Þber used in
106 ballistic-protection applications is their ability to withstand
107 aggressive environmental conditions (e.g., high tempera-
108 tures, high humidity, etc.). As an example, due to a loss of in
109 their mechanical performance under high-temperature/high-
110 humidity conditions, Zylon Þbers are no longer approved for
111 application in bullet proof vests.
112 Over the past two decades, there has been a great deal of
113 work done on understanding the mechanical behavior of
114 fabrics based on the high-performance Þbers which are
115 extensively employed in a variety of ballistic and impact
116 protection applications. Nevertheless, the design of fabric-
117 armor systems remains largely based on the employment of
118 extensive experimental test programs, empiricism and old

119practices. While such experimental programs are critical for
120ensuring the utility and effectiveness of the armor systems,
121they are generally expensive, time-consuming and involve
122destructive testing. Consequently, there is a continuing effort
123to reduce the extent of these experimental test programs by
124complementing them with the corresponding computation-
125based engineering analyses and simulations.
126Among the main computational engineering analyses
127used to model ballistic performance of ßexible armor, the
128following main classes can be identiÞed:

129(a) Finite-element analyses based on the use of pin-join-
130ted orthogonal bars to represent ßexible fabric yarns.
131The most notable studies falling into this category of
132analyses are those performed by Roylance and Wang
133[5], Shim et al. [6], Lim et al. [7], Shahkarami et al.
134[8], Johnson et al. [9], and Billon and Robinson [10].
135While the pin-jointed orthogonal-bars based Þnite-
136element analyses have proven to be very efÞcient in
137approximating the dynamic behavior of woven fabrics,
138the discrete nature of the yarn models was associated
139with inherent oversimpliÞcations that signiÞcantly
140limited the predictive capability of the analyses. In
141particular, important contributions associated with the
142weave architecture, surface-Þnish and friction gov-
143erned yarn-to-yarn and layer-to-layer contacts (in
144multi-layer fabrics) could not be accounted for;
145(b) More-detailed full-blown 3D continuum Þnite-element
146analyses such as those carried out by Shockey et al.
147[11], Duan et al. [12—15], Zhang et al. [16], etc. have
148also been investigated. While these analyses have
149proven to be powerful tools for capturing and
150elucidating the detailed dynamic response of single-
151layer fabrics, they are computationally very demand-
152ing when applied to practical armor systems which
153typically contain 30—50 fabric layers/plies;
154(c) Unit-cell based approaches have been used exten-
155sively in order to derive the equivalent (smeared)
156continuum-level (membrane/shell) material models of
157textile composites from the knowledge of the meso-
158scale Þber and yarn properties, fabric architecture,
159and inter-yarn and inter-ply frictional characteristics.
160Among the most notable studies based on these
161analyses are those carried out by Kawabata et al. [17—
16219] who introduced simple analytical models to
163capture the uniaxial, biaxial and shear behavior of
164fabrics. Furthermore, Ivanov and Tabiei [18] pro-
165posed a micro-mechanical material model for a
166woven fabric (in which a visco-elastic constitutive
167model was used to represent the mechanical behavior
168of the yarns) for the use in non-linear Þnite-element
169impact simulations. In deriving the material model,
170Ivanov and Tabiei [20] considered the motion of the
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171 yarn-crossover point and developed a procedure for
172 determining the equilibrium position of this point
173 under the applied unit-cell strains. Recently, King
174 et al. [2] proposed a new approach for deriving the
175 continuum-level material model for fabrics based
176 on the properties of the yarns and the weave archi-
177 tecture which involves the use of an energy minimi-
178 zation technique to establish the relationship between
179 the conÞgurations of the fabric structure to the
180 microscopic deformation of fabric components. Sim-
181 ilar unit-cell based continuum-level membrane/shell
182 material models have been developed by Boisse et al.
183 [21] and Peng and Cao [22]. Also, Shahkarami and
184 Vaziri [23] proposed a similar but simpler model to
185 that introduced by King et al. [2] and provided a
186 detailed account of its incorporation into a material-
187 model subroutine which can be readily coupled with
188 commercial dynamic-explicit Þnite-element codes;
189 and
190 (d) The use of higher-order membrane/shell Þnite-element
191 analyses to represent the dynamic response of fabric
192 under ballistic loading conditions and overcome the
193 aforementioned computational cost associated with
194 the use of full 3D Þnite element analyses of the yarn/
195 fabric structure. Among the studies falling into this
196 category, the most notable is the one carried out by
197 Scott and Yen [24]. While the use of higher order
198 membrane elements was found to be indeed advanta-
199 geous computationally, it was never fully validated by
200 comparing its results against either those obtained
201 experimentally or those obtained using full 3D Þnite
202 element analyses.

203 As pointed out above, while major efforts have been
204 made in recent years to develop sophisticated numerical
205 models capable of elucidating the ballistic performance of
206 fabric armors, most of these models either lack computa-
207 tional efÞciency or fail to capture many physical aspects of
208 the yarn and fabric architecture and/or contact dynamic
209 phenomena. Hence, the main objective of the present work
210 is to develop an efÞcient shell-based meso-scale mechanics
211 unit-cell based model that captures the essential dynamic/
212 ballistic behavior of plain woven fabric under impact-
213 loading conditions. The term ÔÔmeso-scaleÕÕ is used to
214 denote yarn-level millimeter length scale details of the
215 fabric microstructure/architecture. In other words, Þner-
216 scale molecular-level and Þber-level material details are
217 not considered explicitly and instead only their lumped
218 contributions are taken into account. The ÔÔunit-cellÕÕ term
219 is used to denote the basic structural unit in a woven single-
220 ply fabric so that a fabric patch can be considered as an
221 in-plane assembly of such units. The material model
222 developed in the present work is essentially an extension of

223the model recently proposed by King et al. [2] to include
224the effects of out-of-plane deformation, yarn slip and yarn
225failure.
226The organization of the article is as follows: Details
227regarding the computational procedures employed to
228develop a new meso-scale unit-cell based material model
229for a prototypical plain-woven single-ply fabric and the
230implementation of this model into a material-user subrou-
231tine suitable for use in commercial Þnite-element programs
232are presented in the section ÔÔDevelopment of the material
233modelÕÕ. The formulation of a simple projectile-armor
234impact problem used to validate the new material model is
235described in the section ÔÔVeriÞcation of the material
236modelÕÕ. Main results obtained in the current work are
237presented and discuss in the section ÔÔResults and discus-
238sionÕÕ. The main summary points and conclusions resulting
239from the present work are listed in the section ÔÔSummary
240and conclusionsÕÕ.

241Development of the material model

242In this section and its subsections, a detailed account is
243given of the procedure used to develop the meso-scale unit-
244cell based continuum-material model for plain-woven sin-
245gle-ply fabric. Also, details regarding the implementation
246of the model into a material-user subroutine suitable for use
247in commercial Þnite-element packages are presented. The
248basic idea behind the unit-cell based approach is that the
249mechanical response of the fabric unit-cell (represented in
250terms of a number of structural members, e.g., trusses,
251springs, etc.) is smeared out into the equivalent response of
252a (anisotropic) continuum material. A simple schematic of
253the unit cell which is used to represent the plain-woven
254single-ply fabric structure/architecture allotted to a single
255yarn crossover is depicted in Fig. 1a. Its continuum-level
256material point counterpart is represented in Fig. 1b. Within
257the continuum-material framework, the yarns are not rep-
258resented explicitly but rather by two material directions
259whose orientations are denoted in terms of material vectors,
260g1 and g2.
261Coupling between the continuum-material formulation
262and the unit-cell geometry/architecture and mechanical
263response is done in the following way: (a) the deformation
264state of a continuum-material point (as quantiÞed by the
265corresponding deformation gradient) is used to update the
266unit-cell geometry/architecture and the extent of yarn slip;
267(b) the updated unit-cell geometry/architecture and the
268extent of yarn slip are then used to compute the forces and
269moments acting on its structural members; and (c) the
270computed forces and moments along with their gradients
271through the shell thickness are next used to compute the
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272 associated stress state at the corresponding continuum-
273 material point.
274 It must be noted that in order for the aforementioned
275 approach to be valid (i.e., in order for homogenization of
276 the fabric unit-cell response to be justiÞed), the charac-
277 teristic length scale in the numerical analysis in which the
278 model is used (e.g., the projectile and the fabric-patch sizes
279 in a projectile/fabric impact problem analyzed in the
280 present work) must be large in comparison to the fabric
281 unit-cell edge length.

282 Fabric unit cell geometry/architecture

283 The geometry/architecture of the plain-woven single-ply
284 fabric unit-cell used in the present work is displayed in
285 Fig. 2. The warp and weft yarn segments within the unit-
286 cell are each represented using two-member truss elements.
287 To represent the yarn crimp arising from yarn weaving into
288 the fabric, the truss elements do not lie in the plane of the
289 fabric. Warp and weft yarn segments cross each other and
290 interact at the crossover point. Yarn sliding will lead to the
291 motion of this point. To allow for yarn stretching, truss
292 elements have Þnite axial stiffness but their (out-of-plane)
293 bending stiffness is set to inÞnity. Yarn out-of-plane
294 bending is modeled as rotation of the two truss members of
295 a yarn segment at the crossover point and the associated

296yarn-bending stiffness is accounted for through the use of a
297rotational spring attached to two truss members of the same
298yarn at the crossover point.
299Contacts and interactions between the warp and weft
300yarns at a crossover point in the direction normal to the
301plane of the fabric is modeled using a ‘‘contact spring’’
302which provides elastic resistance towards the yarn crimp-
303amplitude reductions and the associated yarn cross-section
304changes.
305Elastic and dissipative resistances towards the in-plane
306shear bending and the relative in-plane rotation of the warp
307and weft yarns in the presence of yarn/yarn friction is
308modeled using a rotational spring and a rotational damper,
309respectively.
310Additional contacts and interactions between the warp
311and weft yarns can take place as a result of ‘‘locking’’, a
312phenomenon which involves lateral compression (and the
313associated changes in the cross-sectional areas) of warp or
314weft yarns by the surrounding adjacent yarns of the other
315(warp or weft) family. As displayed in Fig. 3(a—c), this
316phenomenon can occur either as a result of a large in-plane
317shear deformation (‘‘shear locking’’) or as a result of large
318uniaxial tensile loading along the axis of one yarn family
319(‘‘cross locking’’). The cross-locking phenomenon is a result
320of ‘‘crimp interchange’’ (i.e., the fact that as the ‘‘stretched’’
321yarns are being de-crimped, that is having their crimp
322amplitude decreased, the crimp amplitude of yarns of the
323other family is being increased and their crimp wave-length
324reduced). Since the unit-cell model used here does not track
325the yarn cross-sectional area changes, locking is modeled
326through the use of ‘‘locking trusses’’ which: (a) remain
327normal to the yarns of a given family (and, thus, the length of
328these trusses quantiÞes the distance between adjacent yarns
329of the same family); (b) allow the build-up of contact/locking
330forces between the yarns after the yarn locking conditions are
331met; and (c) provide increasingly higher unit-cell shear
332stiffness once the yarn locking conditions are met.
333The geometry/architecture of the fabric unit-cell can
334then be described by the following 13 parameters (It should
335be noted that subscript 1 is used to denote warp yarns and 2
336to denote weft yarns):

(a) Yarn
Tension

g1

g2

Yarn
Tension

In-plane
Fabric
Stress

g2

g1

(b)

In-plane
Fabric
Stress

Fig. 1 The relationship between a fabric unit cell (a) and the
corresponding material point in an anisotropic continuum (b)

Locking Struts 

�

Crossover
Spring

Bending
Springs

�2

�1

p2

p1

A1

A2

L2

L1

Fig. 2 The geometry/architecture of a plain-woven single-ply fabric
unit cell used in the present work
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337 (a) The unit-cell half edge lengths, pi (i = 1, 2)
338 (b) The yarn-segment/truss lengths, Li (i = 1, 2)
339 (c) The crimp angles, bi (i = 1, 2)
340 (d) The crimp amplitudes, Ai (i = 1, 2)
341 (e) The locking truss lengths, di (i = 1, 2)
342 (f) The inclination angles of the locking trusses to the
343 fabric plane, ai (i = 1, 2) and
344 (g) The in-plane shear (i.e., warp-yarn/weft-yarn included)
345 angle, h.

346 To aid the reader in understanding the physical meaning
347 of these parameters, they are identiÞedÑusing the afore-
348 mentioned notationÑand clearly labeled in Fig. 2.
349 Out of the 13 parameters listed above only 5 are inde-
350 pendent since simple geometrical relations exists between
351 these parameters in a given conÞguration of the unit cell, e.g.:

Ai …
���������������
L2

i � p2
i

q
i … 1; 2ð Þ; ð1Þ

353353 cos bi …
pi

Li
i … 1; 2ð Þ; ð2Þ

355355 di …
�������������������������������
p2

i sin2 h þ A2
j n2

j

q
forði; jÞ 2 1; 2f g; i 6… j;

i … 1; 2ð Þ; ð3Þ

357357 ai … tan�1 Ajnj

pi sin h

� �
i … 1; 2ð Þ; and ð4Þ

359359nj … 1 �
pi cos hj j

pj

����

���� for pi cos hj j � 2pj i … 1; 2ð Þ ð5Þ

361361In the remainder of the work, the two unit-cell edge
362lengths, pi, the two yarn lengths, Li, and the in-plane warp-
363yarn/weft-yarn included angle, h, will be considered as the
364independent variables needed to fully describe the
365geometry and the architecture of the unit-cell.

366Constitutive relations for unit-cell structural
367components

368As presented in the previous section, the fabric architecture
369and behavior within a unit-cell is described in terms of a
370number of structural elements, e.g., the two-member trus-
371ses, bending springs, contact springs, etc. In this section,
372the corresponding mechanical constitutive relations are
373deÞned for all the elements. These relations are necessary
374for computation of the forces/moments acquired by these
375components during deformation as well as of the associated
376energy storage/dissipation.

377Yarn tension

378Tension within the truss members, Ti, is described by the
379following linear-elastic rate-independent relation:

Ti … Ki Li � L0;i
� �

i … 1; 2ð Þ ð6Þ

381381where subscript 0 is used to denote the initial (un-
382deformed) quantity, and Ki is the yarn-stiffness constant.
383The truss members have no ability to support compressive
384axial loads.

385Yarn bending

386The yarn-bending moment, Mbi, is assumed to depend
387linearly on the change in yarn crimp angle, bi - b0,i, so
388that the constitutive relation for the rotational springs
389attached at the truss-member pin joints is deÞned as:

Mbi … Kbi bi � b0;i
� �

i … 1; 2ð Þ ð7Þ

391391where Kbi is the bending stiffness. To account for different
392amounts of permanent set in the yarns, appropriate values
393should be assigned to the reference crimp angle b0,i.

394Yarns crossover contact

395Yarn/yarn interactions and yarn cross-sectional area chan-
396ges at the crossover points are accounted for through the
397use of a non-linear, axial ‘‘interference’’ spring whose
398contact force, FI, versus yarn-interference, dI, relation is
399deÞned by the following constitutive relation:

Fig. 3 The structure of a small fabric patch in: (a) its initial/un-
deformed conÞguration; (b) a state of shear-locking; and (c) a state of
cross-locking
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FI …
KIdI

1 � dI=a
ð8Þ

401401 where KI and a are the spring constant and the interference
402 upper bound, respectively, and the interference, dI, is
403 deÞned as a difference between the sum of the initial crimp
404 amplitudes and the sum of the current crimp amplitudes.
405 To describe yarn/yarn interactions, a concept of yarn
406 interference is used. Yarn interference is deÞned as a
407 condition when the center-to-center distance of two con-
408 tacting crossing-yarns becomes smaller than the sum of the
409 initial half-thicknesses of these yarns. Eq. 8 models a
410 ‘‘soft’’ yarn contact/interaction behavior in which a nega-
411 tive interference yields a minimal ‘‘pulling’’ force, while at
412 positive-interference values the interaction is initially quite
413 compliant and becomes stiffer as the interference increases.

414 Yarn locking

415 Before a constitutive relation for the locking trusses is
416 proposed, it must be recognized that the yarn cross section
417 is typically an oblate ellipse. Yarn cross-sectional area
418 changes associated with the crossover-point interference,
419 discussed above, are taking place primarily in the direction
420 of the minor axis of the yarn cross-section (i.e., in the
421 fabric through-the thickness direction). In the case of yarn
422 locking, these changes take place in a direction parallel
423 with the yarn cross-section major axis. Consequently, the
424 locking response is expected to be more compliant than the
425 yarn crossover-interference response. To account for
426 this difference, a power-law relation is used to describe
427 the locking force, FL,i, versus locking interference,
428 IL,i = d0,i - di, where d0,i is the locking-truss length where
429 the locking Þrst time takes place.

FL;i …
0 IL;i � 0

KdðIL;iÞc IL;i [ 0

(

ð9Þ

431431 where Kd and c are the ‘‘locking’’ material parameters. It
432 should be noted from Eq. 9 that the locking trusses do not
433 develop any locking force in tension.

434 Yarn shear bending

435 As mentioned earlier, in-plane shear of the fabric is the
436 result of relative rotation of the warp and weft yarns at the
437 crossover points (known as ‘‘trellising’’) and of in-plane
438 yarn bending. Typically, in-plane shear stiffness of the
439 fabric increases with an increase in the in-plane shear strain
440 (i.e., with an increase in the warp-yarn/weft-yarn ÔÔyarn-
441 included’’ angle, h) as yarn locking begins to develop.
442 Since the contribution of yarn locking to the fabric
443 response has been accounted for through the use of the

444locking trusses, only the additional elastic (due to yarn
445bending at the crossover points) and dissipative (frictional
446losses due to yarn rotations at the crossover points) com-
447ponents of the in-plane fabric shear remain to be addressed.
448A schematic of the yarn bending and rotation at the
449crossover points is displayed in Fig. 4. For clarity, the two
450yarns are drawn in the same plane, (the plane of fabric) and
451one of them is kept straight. As seen, the yarn-included
452angle c … p=2 � h can be decomposed into the elastic ce
453and frictional cf components. The two components are
454related to the bending moment, M, developed at the yarn-
455crossover point as:

M … Ksce ð10Þ

457457and

M … M0
_cf

_c0

� �1=b

ð11Þ

459459where Ks is an elastic bending stiffness and M0, _c0, and b
460are the rate-dependent power-law coefÞcients which are
461considered as constants (although they may, in general,
462depend on the deformation state of fabric).
463During veriÞcation of the meso-scale unit-cell material
464model it was found that the viscous-friction based relation,
465Eq. 11, had to be replaced with a rate-independent equation
466since ABAQUS/Explicit does not support a viscous friction
467model. To overcome this problem, for a typical shear-strain
468rate of 103 s-1 encountered during ballistic testing of the
469fabric, an average partitioning of c into ce and cf as a
470function of c was determined. This procedure yielded the
471following relationship between ce and c: ce … ð0:01cÞ=
472ð0:01 þ cÞ. This simpliÞcation was found not to signiÞ-
473cantly affect the computational results obtained using the
474meso-scale unit-cell based model.

�

�

�e�f

Fig. 4 Decomposition of the relative yarn rotation angle c … p=2 � h
into its elastic, ce, and frictional-dissipative, cf , components
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475 Determination of the current unit-cell geometry and
476 architecture

477 As discussed in the section ÔÔFabric unit cell geometry/
478 architectureÕÕ, Þve independent geometrical parameters are
479 needed to fully describe the current geometry/architecture
480 of the unit-cell. In this section it is shown how these
481 parameters are related to the continuum-level deformation
482 state of the material point corresponding to the unit-cell in
483 question.
484 At the continuum level, the state of deformation at a
485 given material point is described by the deformation gra-
486 dient, F, whose components in a Cartesian coordinate
487 system are deÞned as:

FjkðtÞ …
dxjðtÞ
dXk

ð12Þ

489489 where xj(t) is the j th component of a material point at time
490 t, and Xk the k th component of the same point in the initial/
491 un-deformed conÞguration.
492 At the continuum level, the warp and the weft yarns can
493 be described using vectors pi (i = 1, 2) aligned with the
494 axis of these yarns and the length of these vectors can be
495 set equal to the corresponding current unit-cell edge
496 lengths, pi (i = 1, 2). These vectors can be related to their
497 initial counterparts, p0,i (i = 1, 2) as:

pi … Fp0;i i … 1; 2ð Þ ð13Þ

499499 The lengths of pi (i = 1, 2) can be deÞned as:

pi …
�����������
pi � pi

p
…

����������������������������
ðFp0;iÞ � ðFp0;i

q
Þ …

�������������������������
p0;iðFTFÞp0;i

q

ð14Þ

501501 where the yarn-included angle h can be computed from:

p1 � p2 … ðFp0;1Þ � ðFp0;2Þ … p1p2 cos h ð15Þ

503503 Under the condition that no slip occurs between yarns at
504 the crossover point, so that the location of the crossover
505 point is related to the unit-cell deformation in an afÞne
506 manner, Eqs. 14 and 15 also represent the unit-cell edge
507 lengths and the yarn included angle at the meso-scale unit-
508 cell level. Thus, three unit-cell geometrical parameters, pi

509 (i = 1, 2), and h, can be obtained from the continuum-level
510 deformation gradient of a point associated with the unit-cell
511 in question. The remaining two parameters, Li (i = 1, 2), are
512 not deÞned at this point. In other words, there is an inÞnite
513 number of unit-cell conÞgurations which can be associated
514 with a given (continuum-level) deformation state. However,
515 different conÞgurations will be associated with different
516 levels of the (internal) elastic stored energy. To determine
517 the ‘‘unique’’ unit-cell conÞguration associated with a given
518 deformation state, an energy argument is used. That is, it is
519 postulated that the unit-cell will acquire the geometry/

520architecture associated with a lowest level of the elastic
521stored energy. To determine this unique structure of the unit-
522cell, a standard optimization algorithm can be used, as
523discussed below.
524Within the optimization procedure used in the present
525work, the ‘‘objective function’’ (i.e., the total elastic stored
526energy within the unit cell at a given state of deformation,
527as deÞned by the current deformation gradient) is mini-
528mized with respect to the ‘‘design variables’’ (i.e., the two
529truss lengths, L1 and L2). Toward that end, the total strain
530energy stored in the trusses (due to yarn extension),
531bending springs (due to yarn bending), and yarn-crossover
532spring (due to yarn-crossover contacts and bending) is Þrst
533expressed as a function of the L1 and L2. This was done by
534summing the individual stored energy components, each of
535which is obtained by integrating the force/moment over the
536loading path of the structural member in question. Then
537starting with initial guess values for the L1 and L2, these
538two parameters are varied in a systematic manner (using an
539optimization algorithm) in order to determine their values
540which minimize the total elastic energy stored in the unit
541cell. Since the objective function possesses only one min-
542imum in a realistic range of values for L1 and L2, a local
543optimization algorithm could be used. The Downhill
544Simplex optimization algorithm [25] was selected since it
545does not require the evaluation of the derivatives of the
546objective function which makes it computationally very
547efÞcient. It should be noted, that the term optimization used
548in this section pertains to a procedure used to determine the
549unique (minimum energy) structure of the unit-cell, and not
550to a procedure which is used to determine an optimal
551architecture of the fabric with respect to its ballistic-pro-
552tection performance.
553It should be also noted that, as pointed out by one of the
554reviewers of the present manuscript, the optimization
555procedure utilized in this section is of a local nature and,
556hence, does not necessarily correspond to the global min-
557imum energy condition (the condition corresponding to the
558minimum energy of the system with respect to the truss
559length of all the unit-cells in the model. While the latter
560non-local optimization procedure could be used and
561implemented into the same user subroutine developed in
562the present work, this was not done because the associated
563computational cost was found to be prohibitively high. To
564conÞrm the Þdelity of the present optimization scheme, few
565computational analyses were carried out using the global
566optimization approach and no signiÞcant differences
567between the corresponding two sets of results were found.

568Determination of the material-point in-plane stress state

569Once the current geometry/architecture of the unit cell is
570determined (i.e., once L1 and L2 corresponding to the
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571 minimum elastic stored energy are computed), forces and
572 moments acting on different structural members at the
573 faces of the unit cell can be computed using the appropriate
574 constitutive relations. These in turn, can be used to com-
575 pute the in-plane stress state at the material point
576 associated with the unit cell in question. It should be noted
577 that the ‘‘true’’ measure of the stress state in the deformed
578 conÞguration of a material point is the Cauchy stress, r. To
579 compute the stress state, the following relation is used
580 between the traction-force vector, t, resulting from r and
581 acting on a small surface element dS with a unit normal n:

t … nrdS ð16Þ

583583 Thus, if the forces/moments acting on each structural
584 member of the unit cell are used to compute the traction
585 force acting on each of the unit cell faces in the current
586 conÞguration, then Eq. 16 can be used to compute the
587 corresponding in-plane material point stresses. Using this
588 procedure the following expression for the stress tensor at a
589 given material point is obtained:

590 where g1 and g2 are unit vectors aligned with the current
591 orientation of the two yarns and symbol � is used to denote
592 a tensorial product of two vectors. It should be noted that as
593 seen in Eq. 17, the stress state at a given material point has
594 contributions from the yarn tensions, Ti, yarn-bending
595 moments, Mbi, locking forces, FLi, and the inter-yarn
596 bending moment, M.
597 Furthermore, it must be noted that Eq. 14 does not
598 include the effect of yarn slip to the in-plane stresses. This
599 effect is added in the section ÔÔYarn slip at the crossover
600 pointsÕÕ.
601 To summarize, the (in-plane) Cauchy stress tensor for a
602 given unit cell is computed using the following procedure:
603 (a) The forces that all load-bearing meso-structural mem-
604 bers exert on the unit-cell faces are computed Þrst; (b) The
605 components of these forces that lie in the plane of the
606 fabric are determined next; (c) These forces are then
607 resolved along the yarn directions, designated by unit
608 vectors gi; (d) The resolved forces are next divided by the
609 appropriate projected areas to obtain stresses and the

610results are expressed in tensorial form in terms of the yarn
611direction vectors gi; and (e) Þnally, it is ensured that the
612resulting stress tensor is symmetric.

613Out-of-plane behavior of the fabric

614The unit-cell material model developed in the previous
615section describes only the in-plane fabric behavior, the
616behavior which is dominated by in-plane stretching along
617the yarn directions and the inter-yarn rotation-induced in-
618plane shear. When plain-woven fabric is modeled using
619shell Þnite elements then, in addition to the in-plane fabric
620behavior, one must also deÞne the out-of-plane fabric
621behavior. The out-of-plane behavior includes: (a) the
622through-the-thickness compression; (b) two transverse
623shears; (c) two out-of-plane bending modes; and (d) fabric
624twist deformation mode. In the remainder of this section,
625contributions of the six aforementioned out-of-plane
626deformation modes to the stress state at a given material
627point are presented and discussed.

628Through-the-thickness compression

629The through-the-thickness compression is resisted by the
630cross-over axial interference spring whose constitutive
631behavior is described by Eq. 8. Since the in-plane tensions/
632yarn-decrypting are also resisted by the same spring, and
633the in-plane tensions do not induce through-the-thickness
634stresses, one must determine the additional compressive
635displacement experienced by the spring due to through-the-
636thicknesses compression before the through-the-thickness
637normal compressive stress can be calculated (by dividing
638the additional contact force as deÞned by Eq. 8 by the
639current unit-cell surface area).

640Transverse shear

641Within ABAQUS/Explicit Þnite element program [26]
642used in the present work, only a linear-elastic transverse
643shear response of the fabric can be deÞned (which requires
644speciÞcation of two transverse shear stiffness moduli) and

r …
1

2p2 sin h
T1 cos b1 �

Mb1 sin b1

L1
�

M cos h
2p1 sin h

�
FL1p1

d1
� FL2

p2
2 cos2 h
p1d2

þ
p2 sin a2 cos hj j sin b1

L1

� �� �
g1 � g1ð Þ

þ
1

2p1 sin h
T2 cos b2 �

Mb2 sin b2

L2
�

M cos h
2p2 sin h

�
FL2p2

d2
� FL1

p2
1 cos2 h
p2d1

þ
p1 sin a1 cos hj j sin b2

L2

� �� �
g2 � g2ð Þ

þ
M

4p1p2 sin2 h
þ

FL1p1 cos h
2p2d1 sin h

þ
FL2p2 cos h
2p1d2 sin h

� �
g1 � g2 þ g2 � g1ð Þ ð17Þ
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645 this must be done within the main Þnite-element model/
646 analysis input Þle (outside of the VUMAT user-material
647 subroutine used for implementation of the current material
648 model). The two transverse-shear stiffness moduli are set to
649 relatively large values which ensures that the contribution
650 of transverse shear to the overall deformation behavior of
651 the fabric is relatively small (i.e., approaches the Kirchoff-
652 Love shell bending limit) in accordance with typical
653 experimental observations [27].

654 Out-of-plane bending

655 Since within the VUMAT user-material subroutine, the
656 stress state is assessed for each shell element at a number of
657 material points with equal in-plane coordinates and different
658 through-the-thickness locations, the effect of out-of-plane
659 bending is (at least partly) accounted for by the in-plane
660 material model developed in the previous section. That is,
661 the effect of bending-induced through-the-shell-thickness
662 tension gradient is included in the in-plane fabric response.
663 However, the effect of the fabricÕs principal curvatures
664 within the given unit cell is not taken into account. The
665 effect of shell curvature is accounted for by adding the
666 following term to the in-plane stress state (as deÞned by
667 Eq. 17) for all material points of a given shell element:

roop …
1

2p2 sin h
Moop;1

p1

� �
g1 � g1ð Þ

þ
1

2p1 sin h
Moop;2

p2

� �
g2 � g2ð Þ ð18Þ

669669 where the out-of-plane bending stiffness, Koop,i, is used
670 to relate, in a linear fashion, the out-of-plane bending
671 moment, Moop,i, and the principal curvature, ji. The prin-
672 cipal curvatures are computed using the through-the-
673 thickness gradient of the corresponding in-plane normal
674 strains.

675 Fabric twist deformation mode

676 While the pure out-of-plane bending discussed above is
677 associated with a through-the-thickness gradient of in-plane
678 normal tensile strains, fabric twist is caused by the through-
679 the-thickness gradient in the in-plane shear strain. The
680 resulting twisting-moment, Mtwist, gives rise to the fol-
681 lowing contribution to the stress state, Eq. 17:

rtwist …
Mtwist

4p1p2 sin2 h

� �
g1 � g2 þ g2 � g1ð Þ ð19Þ

683683 where the out-of-plane twist stiffness, Ktwist, is used to
684 relate, in a linear fashion, the out-of-plane twisting-
685 moment, Mtwist, and the twist angle, /twist. The twist angle
686 is computed using the through-the-thickness gradient of the
687 in-plane shear strains.

688Yarn slip at the crossover points

689The meso-scale unit-cell based material model for plain-
690weave fabric presented in the previous two sections was
691based on an assumption that no yarn slip takes place at
692the yarn/yarn-crossover points. In other words, an afÞne
693deformation is assumed to take place within each unit
694cell. This assumption leads, in general, to an over-esti-
695mation of the stress levels (in highly stressed fabric
696regions) by the unit-cell model relative to the stress levels
697obtained in computational analyses in which yarns and
698their weaving/crimp are represented explicitly. In the
699latter analyses, slip of yarns at the crossover points is
700generally found to make signiÞcant contributions to the
701deformation response of fabric during impact with a high-
702velocity projectile. To overcome the aforementioned
703shortcoming of the present meso-scale unit-cell based
704material model, a procedure was devised to account for
705yarn slip. Details of this procedure are presented in the
706remainder of this section.
707Slip of a yarn at the crossover point is caused by differ-
708ences in the tension along the length of that yarn. Differences
709in the yarn-slip velocities at three adjacent crossover points
710of a yarn, lead to differences in the velocities at which the
711yarn material enters (vin) and leaves (vout) the unit cell
712associated with the middle crossover point. The latter dif-
713ferences give rise to a change in the un-loaded length of the
714yarn segments allotted to the unit cell in question. The rate of
715change of this length, _Li;0, can be deÞned as follows:

_Li;0 … yi;0ðvin � voutÞ
Li;0

Li
ð20Þ

717717where the Li;0=Li term is used to remove the effect of
718tension-induced yarn-segment length extension. The
719velocities at which the yarn material enters (vin) and
720leaves (vout) a unit cell are generally assumed to scale with
721the power of tension difference across the unit-cell
722boundary in question via a viscous-drag type relation in
723the form:

v … v0
DT
DT0

� �m

ð21Þ

725725where v0, DT0, and m are material/contact parameters while
726v and DT are the conjugate yarn-material velocity differ-
727ence and the yarn tension difference, respectively.
728Equations 20 and 21 show that when the yarn tensions at
729three adjacent crossover points are known, the rate of
730change of the un-loaded yarn segment length in the unit
731cell associated with the middle crossover point can be
732calculated. Integration of this change over a given time
733increment yields the corresponding change in the un-loa-
734ded yarn segment length and, in turn, to the current value of
735the un-loaded yarn-segment length. The latter quantity is
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736 then used in Eq. 6 to calculate the corresponding slip-
737 corrected yarn-segment tension in the unit-cell in question.

738 Fabric buckling

739 The fabric unit-cell model displayed in Fig. 2 is stable
740 only under tension even when it is constrained to remain
741 planar. When subjected to compression, the fabric unit
742 cell is unstable and can, in general, buckle in one of the
743 two following modes: (a) yarns can undergo bending at
744 the crossover points and increase their crimp (ÔÔyarn
745 bucklingÕÕ), Fig. 5a; or b the yarns can rotate about axes
746 perpendicular to the fabric plane, causing a shearing
747 motion of the fabric (ÔÔshear bucklingÕÕ), Fig. 5b. The
748 dynamic Þnite-element analysis used in the present work
749 to model fabric impact by a projectile has a shortcoming
750 that it includes the rigid-body inertial resistance of the
751 center of mass of the unit-cell, but not the inertial
752 resistance to the relative rigid body motions of meso-
753 scale structural elements of the unit-cell. To overcome
754 this shortcoming, inertial resistance to yarn rotation is
755 added explicitly to the meso-scale model developed here.
756 This was done by dividing the changes of both the in-
757 plane and the out-of-plane rotational velocities of the

758yarns by the current time increment to determine
759the corresponding average rotational accelerations. The
760reaction forces and moments corresponding to these
761rotational accelerations are then added to the previously
762deÞned ‘‘static’’ forces and moments and used in Eq. 17.
763In should be also noted that due to the presence of the
764rotational interference spring at the crossover point, the
765fabric buckling via the yarn-buckling mode is less likely
766to take place.

767Failure of yarns

768When the unit cell is stretched in a particular in-plane
769direction, the corresponding yarn is either de-crimped/
770straightened or stretched. In the former case, no tension is
771built within the yarn, while in the latter case tension is
772created within the yarn and, if sufÞciently high, can cause
773yarn failure. Also, the extent of tension in a given yarn is
774affected by the failure status of the other crossing yarn. If
775the crossing yarn is not broken and is in contact with the
776stretched yarn, tension will develop in the two yarns, the
777extent of which is dependent on the crossover-point inter-
778ference and the unit-cell dimensions and shape. In the
779present work, yarn failure is assumed to be load controlled,

(a)

Undeformed Buckled

Yarn

(b)

Fig. 5 Two common fabric
buckling modes: (a) the ‘‘yarn
buckling’’ mode (isometric
view); and (b) the ‘‘shear
buckling’’ mode (top view)

J Mater Sci

123
Journal : Large 10853 Dispatch : 31-7-2008 Pages : 23

Article No. : 2893 h LE h TYPESET
MS Code : JMSC10249 h CP h DISK4 4

A
ut

ho
r P

ro
of



UNCORREC
TE

D
PR

OOF

780 i.e., a yarn is broken instantaneously when its tensile load
781 reaches or exceeds a critical value.

782 Parameterization of the material model

783 Before the meso-scale unit-cell model developed in the
784 present work can be implemented, the values of all its
785 parameters must be determined. Due to the space limita-
786 tions, only a brief description of the procedure used for
787 model parameterization is presented in this section. The
788 model parameters for a prototypical Kevlar� 129 balanced
789 plain-woven fabric analyzed in the work of Duan et al. [12]
790 were assessed as follows:

791 (a) Truss stiffness K in Eq. 6 is determined from the
792 knowledge of the yarn axial modulus and the yarn
793 cross-sectional area;
794 (b) Rotational spring stiffness Kb in Eq. 7 is computed
795 from the knowledge of the bending stiffness of
796 non-interacting bundled Þbers (a lower bound), the
797 bending stiffness of a yarn consisting of transversely
798 fully coupled Þbers (an upper bound) and a lateral
799 Þber-interaction factor;
800 (c) Yarn-crossover parameters KI and a in Eq. 8 were
801 determined by carrying out a Þnite-element analyses of
802 a compression test of a stack of fabric patches in which
803 yarns and their weaving are represented explicitly;
804 (d) In-plane bending stiffness, Ks, in Eq. 10 and viscous-

805 shear parameters, M0
1
_c0

� �1=b
and b were determined by

806 carrying out a FEM analysis of the shear-frame test in

807which a square patch of the fabric (with the yarns
808running in the ± 45o directions) is clamped along the
809four edges and pulled in the diagonal direction. The
810resulting force versus displacement curve is next
811matched using the meso-scale unit-cell model and a
812least-squares based curve-Þtting procedure;
813(e) The out-of-plane fabric bending modulus, Koop used
814to evaluate Moop in Eq. 18 is determined by carrying
815out a FEM analysis of the 3-point bending test of a
816fabric patch. The resulting moment versus curvature
817data are matched using the current meso-scale unit-
818cell model and the aforementioned curve-Þtting
819procedure;
820(f) The twist stiffness, Ktwist, used to evaluate Mtwist in
821Eq. 19 is determined by carrying out a FEM analysis
822of a twist test of a piece of fabric. The resulting
823moment versus twist angle results are matched using
824the meso-scale unit-cell model and the aforemen-
825tioned curve-Þtting procedure;

826(g) v0
1

DT0

� �m
and m slip parameters in Eq. 21 were taken

827from the work of King [27];
828(h) Failure loads for the yarn were taken from the work of
829Duan et al. [12]; and
830(i) Translational and rotational inertia parameters of the
831yarn segments were determined using their basic
832geometrical characteristics and density of the yarns.

833A summary of the meso-scale unit-cell based material
834model parameters used in the present work is given in
835Table 1.

Table 1 Miso-scale unit-cell material model parameters used in the present work

Parameter Symbol Value Unit Assessment procedure used

Truss stiffness K 1.60 9 10-7 N/m K = EA/L
Rotational spring stiffness Kb Kb_lower = 6.68 9 10-8 Nm/radian Kb_lower = 12NEIÞber

Kb_uper = 1.07 9 10-5 Kb_uper = 12EIyarn

f = 0.055 Kb = Kb_lower + f(Kb_lower + Kb_uper)
Kb = 7.87 9 10-6

Interference relation coefÞcient KI 3.09 9 10-3 N FEM analysis of shear sandwich test
Interference relation exponent a 1 9 106 1/m
In-plane bending stiffness Ks 0.0131 Nm/radian FEM analysis of shear frame test
Viscous-shear parameters M0 3.2 9 10-6 Nm
Reference dissipative rotation rate _c0 0.00284 Radians/s
Dissipative rotation rate sensitivity b 4.0 —
Locking stiffness Kd 1.36 9 1013 N/mc

Locking exponent c 3.70 —
Out-of-plane fabric bending modulus Koop 3.40 9 10-7 Nm2 FEM analysis of 3-poind bending test
Twist stiffness Ktwist 1.0 9 10-3 Nm/radian FEM analysis of twist test
Material/Contact parameters v0/(DT0)m 7.91 9 10-11 m/(sNm) Taken from the work of King

m 1.107 —
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836 Material model implementation in a user-material
837 subroutine

838 The meso-scale unit-cell based material model described in
839 the previous section is next implemented in the material-
840 user subroutine, VUMAT, of the commercial Þnite-element
841 program ABAQUS/Explicit [26]. This subroutine is com-
842 piled and linked with the Þnite-element solver and enables
843 ABAQUS/Explicit to obtain the needed information
844 regarding the state of the material and the material
845 mechanical response during each time step, for each inte-
846 gration point of each element. In the present work Þrst-
847 order 4-node general-purpose reduced-integration shell
848 elements (ABAQUS/Explicit designation S4R) are used.
849 Due to the use of the SimpsonÕs numerical-integration
850 method for the calculation of through-the-thickness defor-
851 mation response of the shell, an odd number (greater than 1)
852 of integration points has to be used in the through-the-
853 thickness direction. The results obtained in the present work
854 suggest that selecting three integration points provides a
855 good compromise between computational efÞciency and
856 accuracy.
857 The essential features of the coupling between the
858 ABAQUS/Explicit Þnite-element solver and the VUMAT
859 material-user subroutine at each time increment at each
860 integration point of each element can be summarized as
861 follows:

862 (a) The corresponding previous time-increment stresses
863 and material state variables as well as the current
864 time-step deformation gradient are provided by the
865 ABAQUS/Explicit Þnite-element solver to the mate-
866 rial subroutine. In the present work truss lengths, and
867 yarn failure and element-deletion status ßags were
868 used as the state variables; and
869 (b) Using the information provided in (a), and the meso-
870 scale unit-cell user material model presented in the
871 previous section, the material stress state as well as
872 values of the material state variable(s) at the end
873 of the time increment are determined within the
874 VUMAT and returned to the ABAQUS/Explicit
875 Þnite-element solver. In addition, the changes in the
876 total internal and the inelastic energies (where
877 appropriate) are computed and returned to the solver.
878 It should be also noted that due to the presence of
879 in-plane and out-of-plane gradient terms in the
880 material model, global three-dimensional matrices
881 containing tension, normal in-plane strains or shear
882 in-plane strains had to be assembled and used during
883 each call of the VUMAT subroutine.

884 It should be recalled that within the VUMAT only the
885 normal and shear in-plane and through-the-shell-thickness
886 compression responses of the material are computed.

887Transverse shear stiffness of the shell elements has to be
888deÞned as part of the overall FEM model deÞnition outside
889the VUMAT. Using the provided values for the transverse
890shear modulus, ABAQUS/Explicit uses a simple procedure
891in which the transverse response of a shell is approximated
892by the transverse response of an analogous solid Þnite
893element.
894It should be also noted, that the VUMAT Þle developed
895in the present work could be used with minor modiÞcations
896and new parameterization for a variety of woven ballistic
897fabric materials and architectures.

898VeriÞcation of the material model

899As stated earlier, the main objective of the present work
900was to develop a fabric-structure/architecture dependent
901and physically based, computationally efÞcient material
902model which can be used in ballistic-protection perfor-
903mance analyses of multi-ply body armor. The veriÞcation
904of the model is presented in this section. Ideally, model
905validation is conducted by comparing model predictions
906with their experimental counterparts. Unfortunately, no
907relevant experimental/Þeld-test data were available so the
908following alternate model validation approach was adop-
909ted. That is, the same problem, a simple projectile/armor
910impact problem, is analyzed computationally using two
911approaches: (a) a Þnite-element analysis in which the
912ballistic fabric was represented using the meso-scale
913material model developed in the present work; and (b) a
914more-accurate yet computationally more-costly Þnite-
915element analysis in which fabric yarns and their weaving
916was accounted for explicitly. In the section ÔÔIntroductionÕÕ,
917four different categories of computational analyses of the
918ballistic-protection performance of fabric were identiÞed.
919Among these four categories, the one associated with
920explicit representation of fabric yarns and their weaving is
921associated with the least model reduction and is hence
922deemed most accurate. Therefore, this type of analysis was
923used here to carry out veriÞcation of the present meso-scale
924unit-cell material model.
925The initial conÞgurations of the projectile/armor Þnite-
926element systems analyzed here are shown in Fig. 6a and b.
927In both cases, a rigid spherical projectile with a 4 mm
928radius and a 2.12 g weight is propelled at an initial velocity
929of 300 m/s in the direction normal to the single-ply armor
930surface and toward the center-point of the armor. The
931armor is modeled as a 32.8 mm by 32.8 mm square single-
932ply fabric patch.
933In Fig. 6a, the plain-woven fabric structure is modeled
934explicitly by snaking through orthogonally oriented warp
935and weft yarns. The square-shaped fabric patch contained
93640 warp and 40 weft yarns. Yarns are considered to have a
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